We introduce the notion of a formal differential deformation of a local Artinian algebra and describe a normal form algorithm to compute presentations of differential deformations. We show that the microlocal structure of the Brieskorn lattice of an isolated hypersurface singularity can be considered as a differential deformation.
Introduction
Associated to an isolated hypersurface singularity there are many interesting and deep invariants like the monodromy and Hodge-theoretic invariants like the spectral numbers and spectral pairs. E. Brieskorn [Bri70] was the first who gave an algorithm to compute the monodromy. Algorithms to compute the above Hodge-theoretic invariants were found only one year ago [SS01, Sch01a] . The basis for all of the above algorithms is E. Brieskorn's formula
for the action of the Gauss-Manin connection on the Brieskorn lattice H ′′ = Ω n+1 /df ∧ dΩ n−1 in terms of germs of holomorphic differential forms. The Brieskorn lattice is a free module over the ring of convergent power series {t} but also over the ring of microdifferential operators {{∂ −1 }}.
While the original Brieskorn algorithm uses the {t}-structure, the new algorithms are based on the microlocal structure of the Brieskorn I thank A. Frühbis-Krüger for helpful discussions.
lattice which is related more closely to the definition in terms of differential forms and has many advantages. Therefore it is essential to have an algorithm to compute basis representations in terms of the microlocal structure of the Brieskorn lattice.
We will introduce the notion of a formal differential deformation of a local Artinian algebra and describe a normal form algorithm to compute presentations of differential deformations. We will show that the Brieskorn lattice with its microlocal structure can be consideres as a differential deformation. In particular, the normal form algorithm computes basis representations in terms of the microlocal structure of the Brieskorn lattice.
We will denote row vectors by a lower bar and column vectors by an upper bar. Upper indices are row indices and lower indices are column indices. We apply the degree operator deg componentwise to vectors and matrices and the operators min and max to the set of components of vectors ans matrices.
Differential Deformations
Let K be a field and O := K[x] (x) a localized polynomial ring over K.
Let D := K[x] (x) ∂ be the ring of differential operators on O. Then we can consider the right D-module D/ f D and a formal deformation 
up to arbitrary degree in s. We will explain how to use this algorithm to compute a presentation of the finite
up to arbitrary degree in s.
Degree Bound Lemma
We will freely use the definitions and results in [GP96] . Let
be a formal differential deformation. We may assume f to be polynomial. Let weights deg x < 0 of the variables x be given and define weights
of the corresponding differential operators ∂. Note that this definition is compatible with the commutator [∂, x] = 1 and the degree of a monomial in K[x] (x) ∂ is well defined.
Let > x be a local degree ordering w.r.t. deg x, g a reduced standard basis w.r.t. > x of f , and A a matrix such that g = fA.
Using standard basis methods, one can compute polynomial g and A.
We define weights deg s < 0 of the variables s by deg s j := min
Let > s be a local degree ordering w.r.t. deg s and let >:= (> s , > x ) be the product ordering of > s and > x . We denote the leading term w.r.t. > which is the maximal monomial of the argument by lead and use a lower index s (resp. x) to denote the leading term w.r.t > s (resp. > x ) which is the sum of maximal monomials of the argument. We denote the degree w.r.t. deg x, deg s which is the maximum weighted degree of all monomials of the argument by deg and use a lower index s (resp. x) to denote the degree w.r.t. deg s (resp. deg x).
The following lemma is the basis for the normal form algorithm for differential deformations.
Definition 3.1.
Proof: Let lead s p = s α p α with |α| < K and p α ∈ K[x] (x) . Then by assumption
Since p α = gb is a standard representation and > x is a degree ordering,
Since g is a reduced standard basis, min
From the above two inequalities, we obtain
− min
with lead s p > s lead s p ′ and we may replace p by p ′ . Since > s is a degree ordering, we arrive at p ∈ s K after finitely many steps.
Normal Form Algorithm
The proof of lemma 3.2 motivates the following normal form algorithm for formal differential deformations. Remark 4.2.
1. The above formulation of the algorithm uses recursion which is actually not necessary. 2. The algorithm involves choices which will turn out to be irrelevant. after finitly many steps. Then lead s decreases strictly and, since > s is a degree ordering, p ∈ s K after finitely many steps. In the following we abbreviate Φ K := ddnf(·, K).
Lemma 4.4.
Proof:
1. This follows from the recursive definition of ddnf and the fact that lead p decreases strictly in each step. 2. By definition of the monomial ordering, deg lead p < N(K) implies that deg lead s p < N(K) and hence, by lemma 3.2, lead s p ∈ V (K).
3. Since g is a standard basis, lead f = lead g . 4. Let deg lead p < N(K) and lead p = x α s β with |β| < K. Then
and hence x α ∈ lead g . 5. Let p ∈ V (K). Then, by (2), Φ K (p) ∈ V (K). Assume that Φ K (p) = 0. Then, by (3), lead Φ K (p) / ∈ s K . Hence, by definition of the monomial ordering,
and hence, by (3), (4), and (5),
Hence, Φ K is additive. By definition of ddnf, Φ K is compatible with K[[s]]-multiplication.
Presentations
Lemma 4.4 immediately implies our main result saying that ddnf computes representations in the generators of a formal differential deformation up to arbitrary degree in s.
where the inclusion O/ f / / O is defined by the monomial ordering > x . In particular, ddnf is independend of choices. 
and there is a
In particular, there is a K
The following lemma shows that the relations of a formal differential deformation can be computed up to arbitrary degree in s.
Definition 5.3.
Then
and (f j − sd j )(x α s β ) ∈ V (K) by lemma 3.2. Hence,
by lemma 4.4 (5).
The following proposition gives a critierion for a formal differential deformation to be a free K[[s]]-module. 
Brieskorn Lattice
Let f : ( n+1 , 0) / / ( , 0) be an isolated hypersurface singularity with Milnor number
We abbreviate Ω • := Ω • n+1 ,0 and extend the differential d of Ω • to a differential of Ω 
The Brieskorn lattice H ′′ of f is the image of the canonical map Ω n+1 / / / / G . Definition 6.2. The ring of microdifferential operators with constant coefficients is defined by
Note that {{∂ −1 }} is a discrete valuation ring and {t} is a free {{∂ −1 }}-module of rank 1. We abbreviate
By theorem 6.3, multiplication with dx induces {{∂ −1 }}-isomorphisms and apply the normal form algorithm to compute basis representations with respect to the {{∂ −1 }}-structure up to arbitrary degree in ∂ −1 .
The normal form algorithm for H ′′ is the core of the library gaussman.lib [Sch01b] in the computer algebra system Singular [GPS01] . This library provides procedures to compute invariants of isolated hypersurface singularities like the monodromy and Hodge-theoretic invariants like the spectral numbers and spectral pairs. These procedures are based on the ideas described in [SS01, Sch01a] .
